SHRINKING AND GLUING UNDER LOWER CURVATURE BOUND 



NAN LI 

Abstract. We show that a distance non-increasing onto map / : UZa X between Alexan- 
drov spaces preserves volume if and only if it preserves the length of path. This implies the 
O ^ converse Petrunin's Gluing Theorem: if the gluing of two Alexandrov spaces is an Alexandrov 

D ■ space, then the gluing is along the boundary and via an isometry. To prove the main result, we 

develop a new technique to approximate the distance in Alexandrov space subject to dimension 
comparison. 



Introduction 

Recall that Alexandrov space is a length metric space with curvature bounded from below 
in the sense of triangle comparison (Toponogov's Theorem) ( |BGPj ). Our work was motivated 
by the gluing theorems first proved by Perel'man and then generalized by Petrunin. Roughly 
speaking, by gluing we mean to identify points in several spaces and equipped the new space 
with the induced length metric. In 1991, Perel'man proved the following Doubling Theorem 
[Per] and it has been widely used in Alexandrov geometry. 

Theorem 0.1 (Perel'man, [Per j ) . The doubling (the gluing of two copies along their boundaries 
via an identity map) of an Alexandrov space with boundary is an Alexandrov space with the same 
lower curvature hound. 

In 1997, Petrunin generalized the above theorem to the gluing of two different Alexandrov 
spaces. 

Theorem 0.2 (Petrunin, |Pelj ). The gluing of two Alexandrov spaces via an isometry between 
their boundaries produces an Alexandrov space with the same lower curvature hound. 

The converse theorem was asked by Petrunin: assuming that an Alexandrov space is glued 
from two Alexandrov spaces via an identification x ~ (t){x), where (f) : dX — )• dY is a one-to-one 
map with (f)[dX) = dY , does (j) have to be an isometry? Our work will include but not limit to 
this case. We begin with a consequence of our main theorem which implies the converse Gluing 
Theorem. 

A gluing is said by isometry if any two glued paths have the same length. In our assumptions, 
we allow the gluing of multiple but finitely many spaces, and also allow one point to be identified 
with multiple points. In this paper, volume means the Hausdorff volume of the top dimension. 
Due to [LRlj . our statements stay true if replace Hausdorff volume by rough volume. 

Theorem A (Characterization of volume preserving gluing). // a gluing of finitely many n- 
dimensional Alexandrov spaces {Z^} produces an Alexandrov space X without losing n-dimensional 
Hausdorff volume, then 
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(A.l) the gluing is along the boundaries of {Z^}; 

(A. 2) the gluing is by isometry; 

(A. 3) each point is glued with finitely many points; 

(A. 4) in any neighborhood of a gluing point in Za, the set of points which is glued with only 

one point has the same dimension as the boundary; 
(A. 5) the set of points which is glued with more than one point has at least 1 lower dimension 

than the boundary. 

In Theorem A, (A.3)-(A.5) are the consequence of (A.l) and (A. 2). The gluing which does 
not satisfy any one of (A.1)-(A.5) can not produce an Alexandrov space (Example ll.Op . By 
(A. 4) and (A. 5), the gluing is completely determined by the part of one-to-one gluing. The 
gluing along non-extremal subset is allowed (Example II. 12p . 

Theorem A implies the converse gluing theorem we mentioned earlier. Together with Theorem 
10.21 we have 

Corollary 0.3. Assume that n-dimensional Alexandrov spaces X and Y are glued via an iden- 
tification X ~ (j){x), where (j) : dX — t- dY is a one-to-one map with (j){dX) = dY . Then the glued 
space is an Alexandrov space if and only if (p is an isometry. 

In general, conditions (A.1)-(A.5) are not sufficient to guarantee the glued space being an 
Alexandrov space (Example I1.12P . As a generalization of Theorem 10.21 and Corollary 10.31 we 
conjecture that 

Conjecture. A volume preserving gluing of n-dimensional Alexandrov spaces produces an Alexan- 
drov space if and only if the gluing is by isometry and the induced gluing of spaces of directions 
produces Alexandrov spaces with curvature bounded from below by 1. 

We now state our main theorem and then discuss its relation with Theorem B. We call a map 
shrinking if it is surjective and 1-Lipschitz (distance non- increasing) . 

Theorem B (Shrinking rigidity Theorem). Let X be an n-dimensional Alexandrov space and 
Z = \lZa be the disjoint union of finitely many n-dimensional Alexandrov spaces. A shrinking 
map f : Z ^ X preserves Hausdorff volume in the same dimension if and only if X is isometric 
to a space glued from {Z^} which satisfies (A.1)-(A.5), and f is the projection map which 
preserves the length of path. 

In Theorem A, by assuming that X is glued from {Za}, one can view X as a quotient space 
equipped with the induced length metric. Then the projection map / : Z — )• X is naturally 
shrinking and "gluing by isometry" is equivalent to that / preserves the length of path. Thus 
Theorem B is a generalization of Theorem A. We would like to point out that, even with 
the volume condition, "shrinking" implying "gluing" still requires a lot of hard work and the 
Alexandrov structures are crucially involved. 

Theorem B can be viewed as a rigidity theorem for relatively maximum volume. Let 




Wo 

{X € Alex"(K;) : there is a 1-Lipschitz onto map / : U Zq, — )• X}. 
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No No 

Then vol (X) < S vol(Za). By Theorem B, for any X G 21 with vol (X) = S vol{Za), X 

a=l Q=l 
No 

is isometric to II up to a gluing which follows (A.1)-(A.5). In this sense, Theorem B 

a=l 

verifies and generalizes Conjecture 0.1 in |LR2j . X may not be unique up to its topological type 
even when assuming that X can not be glued any more (Example II. lip . Theorem A and B 
are both applied to the self-gluing, i.e., Z has only one component (Example 11.111 and I1.13| ). 
From Theorem B and its proof, one can get the following easy corollaries, which may be useful 
elsewhere. 

Corollary 0.4. Let Z, X be n- dimensional Alexandrov spaces and Vt d Z he an open subset 
with Q n dZ = 0. Assume f : Q ^ X is a volume preserving 1-Lipschitz map, then f is a local 
isometry. 

Corollary 0.5. Under the assumption in Theorem B, if any of the following is satisfied, then 
Z has only one component and f is an isometry. 

(i) / is injective. 

(ii) dZa = for some a. 
(ih) fidZ) C dX. 

Theorem A and B are not true without assuming the Alexandrov structure. For example, X 
can be the space by shrinking (without identification) the metric over any zero measure subset 
of an Alexandrov space Z (see Example II. 5p , and the shrinking map f : Z ^ X \s still volume 
preserving. In particular, / is one-to-one but the metric on X is not induced by any gluing of 
Z. This is also an example for Corollary 10.51 (i), which is equivalent to that if one shrinks the 
metric over a zero measure subset in an Alexandrov space without identification, then the new 
space is no longer an Alexandrov space. 

The starting point of our proof is a volume formula for "e-ball tubes" (Lemma 12. 7p . We first 
show that / : Z — 7- X is bi-Lipschitz and almost preserves length of path when restricted to 
the set of (n, J)-strained points (the points whose small neighborhood is almost isometric to a 
region of M"), where n is the dimension of Z^- The main difficulty is that, the almost length 
preserving does not naturally approach to a length preserving by taking limit, because curve 
convergence does not imply length convergence in general. One would never succeed to do so 
without using the lower curvature bound (Example II. Sp . A basic tool to overcome this is the 
Dimension comparison Lemma (Lemma 13. 7p which essentially relies on the triangle comparison 
for lower curvature bound. 

We divide the paper into five sections. In Section 1, we reformulate our main results in a 
technique way (Theorem II. ip , and provide examples for various gluing. We will also give an 
outline for the proof. 

In Section 2, we recall properties for singular points in Alexandrov spaces from |BGP] and 
|OSj . A volume formula for " e-ball tubes" (Lemma 12. 7p and the Almost Maximum Volume 
Theorem (Theorem 12. Sp will be established for the later use. 

Section 3 is the first attack to the Main Theorem. Using the tools from Section 2, we mainly 
show that the volume preserving 1-Lipschitz onto map is an isometry when restricted to the 
interior and subject to the intrinsic metric (Lemma ll.Gp . 
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In Section 4, we complete the proof of the Theorem II. li The main effort is to show that / 
preserves the length of path (Lemma II. 8p . 

In Section 5, we will give some applications, regarding the shrinking of space of directions 
(Theorem 15. 3p and the relatively maximum/almost maximum volume (Theorem 15.41 and 15. 5p 
in Alexandrov geometry. The second topic was discussed in [LR2j . Some theorems were under 
extra conditions. Here we give simple proofs using Theorem B without extra assumption. This 
work is a natural extension of Grove and Petersen's work [GPj in Riemannian geometry. 

I would like to thank Stephanie Alexander, Richard Bishop, Jianguo Cao, Karsten Grove, 
Vitali Kapovitch, Anton Petrunin and Xiaochun Rong for their interest. The final version 
benefitted from numerous discussions with Jianguo Cao, Karsten Grove and Xiaochun Rong. 



1. Shrinking Rigidity Theorem and Examples 
Conventions and notations 

• vol (A) the n-dimensional Hausdorff volume of A, where n is the Hausdorff dimension. 

• dA{x,y) = \xy\A the distance between two points x and y subject to the length 

metric of A. 

• dA the boundary of A. 

• A° = A - dA the interior of A. 

• dim/f(y4) the Hausdorff dimension of A. 

• dimr(A) the topological dimension of A. 

• dim(A) both Hausdorff dimension and topological dimension of A. 

• Br{p) the metric ball {x £ X : \px\ < r}. 

• [pq]x a minimal geodesic joint points p and q in X. 

• t{6) a function of 6 with lim t{5) = 0. Without declaration, t{6) is independent on 

(5— 5-0 

the selection of points. 

• Xn X the sequence Xn Gromov-Hausdorff converges to X. 

• Let A C X and f : X ^ Y. We call the restricted map f\A an isometry if \ab\A = 
l/(a)/(^)l/(A) for any a,b e A. 

By Alex"(K) we will denote the class of n-dimensional Alexandrov spaces with curvature > k. 
For X G Alex"'(K), we will use the following notations (c.f. jBGPj ). 

• Tix{X) or sometimes S^, the space of directions for a point x £ X. 

• X^ the (n, (5)-strained points in X. 

■^sin(y^t), if K > 0; 

sni^{t) = {t, if K = 0; 

sinh(-v/— Kt), if K < 0. 

We begin with an exact definition of the gluing of length metric spaces ( |BBIj §3). Let 
{{Za,da)} be a collection of compact length metric spaces. The distance function d on the 
disjoint union Z = HZa is defined by d{x,y) = da{x,y) x,y G Z^ for some a, otherwise 
d{x,y) = oo. Let R be an equivalence relation (denoted as a; ~ y) over Z. The quotient 
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semi-metric dji on Z is defined as 

dR{x, y) = inf "I ^ d{pi, qi) : pi = x,qN = y, Qi ~ Pi+i,N G N 

. i=l 



Then the quotient space {Z / dR^dji) is a length metric space, where dji is the induced metric. 
We call {Z/dfi,dR) glued from Z (or {{Za,da)}) along the equivalence relation R. The induced 
projection map f : Z ^ X is a 1-Lipschitz onto. 

No 

We now formulate our Theorem II .![ Let Z = II be the disjoint union of compact length 

a=l 

metric spaces {Z^}- Let / : Z — )• X be a shrinking (1-Lipschitz onto) map which preserves 

No 

volume (vol (X) = vol (Z) = S vol (Za))- We would like to study the characterization of / and 

the metric on X under the assumption that Za and X are all Alexandrov spaces. Note that if 
assume a distance non-decreasing map g : X ^ Z with vol {X) = vol {Z), one can extend 
to a shrinking map f : Z ^ X using the compactness of X and Za- Thus this is equivalent to 
the above setup. 

No 

Let dZ = II dZa denote the disjoint union of boundaries and Z° = Z—dZ denote the interior 

points of Z. For x ^ X, f~^{x) may not be unique. We will show that X is isometric to a space 
glued from Z and / is the induced projection map. Then in the sense of gluing, /~^(x) will be 
identified as one point. We let Gx = {x G X : f~^{x) is not unique} and Gz = f~^{Gx) C Z. 
We give a stratification of these points. Let 

G^f = {x G Z, /~^(x) contains exactly m points} , 

and = f~^{G'x) ^ Z. We call niQ = max{m : G^ 7^ 0} the maximum gluing number. In 
general, niQ is independent of Nq. We will show that mo < G(n, k, diam(Za), vol (Z^)) < oo. 

Clearly, Gx = u" and Gz = "u G^*. 

m=2 m=2 

No 

Theorem 1.1 (Shrinking rigidity). Let X G ^/ex"(K) and Z = U Za, where Za G ^/eaf'(K), 

a=l 

a = 1,. . . ,Nq. If vol{X) = vol{Z) and there exists a shrinking map f : Z ^ X, then X is 
isometric to a space glued from {Za}^=i and f is the projection map induced by the gluing. 
Moreover, 

(i) ifGz^0 then Gz C dZ; 

(ii) / preserves the length of path. Consequently, the gluing is by isometry and f\z° is an 
isometric embedding; 

(iii) mo < !^£i?£oi£kll ^ where do = ma'K{diam(Za)} and vq = m.m{vol(Za)}; 

(iv) if Gz 7^ 0, then for any p G Gz, p = f{p) G Gx and r > 0, 

dim{Br{p) n G|) = dim{Br{p) n G^) = n - 1 



and 



Remark 1.2. 



diuiH ( L? G^) = diiRH f L? G^ ) <n-2. 
Vm=3 / Vm=3 
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(jl.2[ l) By evenly cutting X = S" into itiq petals (Za) with diameter 1, we see that the estimate 
in Theorem I l.l( iii) is sharp for the gluing of multiple spaces. We also have dim(G^) = 
dim(G^) = n - 1, = for 3 < m < mo - 1 and dim(G™°) = dim(G5^°) = 1, where 
is the common diameter glued with tuq petals. 
The above example has a specialty that mo = Nq. For Nq = 1 (self-gluing), an 
example (Example I1.14p for mo = • vo\{Bdo{S^)) = 2 is constructed. However, the 
author did not succeed to find an example of self-gluing with mo = :^"Vol {BdgiS^)) > 3. 

(jl.2[ 2) When Z has only one component (A'^o = 1), the Shrinking rigidity Theorem is applied 
for a self-gluing (see Example ll.lH [T.13l for Theorem ll.ll fiii) and (iv)). A special case in 
this kind can be further classified (Theorem 15.41 and Theorem 15. 5p . 

In some special cases, we can determine that / is in fact an isometry. 

Corollary 1.3. Under the assumptions as in Theorem if any of the following is satisfied, 
then Nq = 1 and f is an isometry. 

(i) dZa = for some 1 < a < Nq. 

(n) Gz = 0. 

(ifi) Gx ^dX. 

(iv) fidZ) C dX. 

(v) f-^{X^) nGz = for6>0 small. 

(vi) f-HX^) OZ° for5>0 small. 

Proof, (i) and (ii) are trivial by Theorem ll.ll fii) . (iv) follows by (iii) and (vi) follows by (v) 
with the fact Gz ^ dZ. We first prove (iii). By the assumption, we have f~^{X°) C Z — Gz- 
By Theorem II. iT ii). f\z-Gz is an isometry. Consequently, / is an isometry since X° is totally 
geodesic in X. 

To prove (v) by (iii), it's sufficient to show that Gx ^ dX. For any x € Gx, by Theorem 
ll.l( iv). we have 

dimniBrix) n Gx) = n-1. 
By the assumption, we see that Gx H X^ = 0. Then Br{x) n Gx ^ Bj.{x) \ X^ and thus 

dim^ [Br{x) \ X^^ > dimiy(5^(x) n Gx) = n - 1. 

If X ^ dX, then there is r > so that Br{x) C X° . Thus by [BGP] 10.6.1, 

dim^ [Br{x) \ X^^ < dim// (^X° \ X^^ <n-2, 

a contradiction. □ 

If X is a space glued from {Za}, we expect that the space of directions T.x{X) G Alex"^^(l) is 
also glued from S^^(Z), where {5^} = f~^{x) C Z are the pre-images. Let = nS^^(Z^) 

denote the disjoint union of spaces of directions G Alex'^~^(l). 

Theorem 1.4 (Gluing of spaces of directions). Under the assumption as in Theorem for 
any x & X , T,x is a space glued from Sj-i^^,) without losing volume. 
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Our proof of Theorem 11.11 starts from a volume formula (Lemma 12. 7|) of "e-ball tubes", which 

connects the volume of a tubular-like neighborhood of path 7 with its length ^(7). Due to 

the singularity of Alexandrov spaces, this formula can be established only for (n, (5)-strained 

points, and thus the usage of this formula is also limited. Let t{6) denote a function of 6 with 

limr(5) = 0. Together with the properties f{Z^) C (LemmaEl]), CiGz = (Lemma 

<5— »0 

13. 2p and that fl^s is bi-Lipschitz (Lemma I3.3p . we are able to show that / almost preserves the 
length of path that only contains points in (Lemma 13. 4p . 

The main difficulty is to extend it to an exact length preserving for any path in Z. In general, 
given a path 7 G Z, using the structure of Z^ and X'^^^\ one can find 75 C Z^ such that 
7.5 7, fils) fh) with L{-ys) L{j) and L{js) = L{f{-fs)) + t{5). However, these are 
not sufficient to imply L{f{'ys)) — 5- L{f{'y)), as 5 — 0. Without this, one can not conclude that 
L(7) = L(/(7)). See the following example. 

Example 1.5 (The shrinking cube). Let Z he a unit n-dimensional cube {n > 3). Let X be the 
same cube in which the length of one edge [ AB ] is redefined to be ^ . The new length metric 
(on X) is "smaller" than the Euclidean metric. Let f : Z ^ X he the identity map. Note that 
fi[AB]) is the shrunk edge in X. Then L{[AB]) = 1 and L{f{[AB])) = i. For any path 
-/i^[AB] with jin[AB] = 0, L{f{-fi)) = L{-fi) and 

hminf L(/(7i)) = hminf L(7i) > L{[AB]) = 1 > J = Lif{[AB])). 

Our approach is to first show that the gluing only occurs within the boundary (Lemma 13.81 
(i)) using the almost length preserving. This implies that f{Z°) is open in X. Together with 
the Dimension comparison Lemma (technique Lemma 13. 7p for Alexandrov spaces, we find an 
approximation 75 C Z^ such that 75 7, L{-fs) Hi) and 7(75) -f /(7), L(/(75)) L{f{j)) 
as 5 —7- for any given path j C Z° (Lemma 13. 9p . This allows us to prove that / is an isometric 
embedding when restricted to the interior of Z (Lemma II. 6p . Note that this idea would not 
work for 7 C dZ, because Lemma 13.91 is not true in this case (Example 13. 6p . 

Lemma 1.6 (Internal isometry). Let the assumption be as in Theorem Then Gz ^ dZ 

o-i^d f\z° is an isometry. 

Using the above lemma, we are able to establish the gluing structures of the spaces of directions 
(Theorem 1 1.4p . which will imply the following Gluing dimension Lemma by Lemma 13.81 (2). 

Lemma 1.7 (Gluing dimension). Let the assumption be as in Theorem li.il Then for any 
p G Gz, p = f{p) G Gx and r > 0, 

dim{Brip) nGz) = dim(S,.(p) nGx) = n-l. 

In the last step, we prove Theorem ILlT ii). The proof relies on the local structure of almost 
conic gluing (Lemma 14. ip and the first variation formula. 

Lemma 1.8 (Length preserving). Let the assumption be as in Theorem \l.l\ Then f preserves 
the length of path. 

We complete this section by giving some examples for various kinds of gluing. 
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Example 1.9 (Non-Alexandrov gluing). The following examples are not Alexandrov spaces, 
since one can find bifurcated geodesies near the glued points. In (a), rectangle ABCD is glued 
with rectangle EFGH along the interior segment [E'F'] and the edge [EF\. This gluing does 
not satisfy (A.l). In (6), square ABCD is glued with square A'B'C'D' at the point A ~ A'. 
This gluing does not satisfy (A. 5). In (c), three rectangles are glued along an edge [j4i3] with 
equal length. This gluing does not satisfy (A. 4). 




(a) (6) (c) 

Example 1.10 (Non-isometric gluing). Let A{r) denote the 2-dimensional Euclidean square 
with side length r. Consider the boundary gluing of A{r) and A{R). Let (j) : dA{r) — )■ dA(R) be 
a map which preserves the central angle. Then X = A{r) II A{R)/x ~ (l>{x) is the glued space 
via the identification x ~ 4>ix). If r = R, then (p is an isometry, and thus X is an Alexandrov 
space as a doubled square. On the other hand, Corollary 10.21 concludes that if X G Alex'^{K), 
then (j) has to be an isometry, i.e., r = R. In fact, if r < i?, let a,b £ f{dA{R)) and c G f{A{R)°) 
near b, where / : A(r) U A{R) — )• A" is the projection map. Then geodesies [a6]x and [ac]x 
have overlaps, which yields a geodesic bifurcation. 

One can also construct a similar example for the boundary gluing of two disks with radius r 
and R. By Corollary 10.21 such gluing produces an Alexandrov space if and only if r = i?. Note 
that there is no geodesic bifurcation in the case r ^ R. These are also examples for (A. 2). 

Example 1.11 (Involutional self-gluing). This is an example for self-gluing (c.f. |GP] ). Let 
Z = be a 2-dimensional flat unit disk. Then dZ = S^(l) is a unit circle. Let (p '■ dZ — )• dZ be 
a map and X = B^/x ~ 0(x) be the glued space. By Theorem 15. 4| X is an Alexandrov space if 
and only if is a reflection, antipodal map or identity, where X is homeomorphic to S^, MP^ 
and respectively. From the construction, we see that the maximum gluing number mo < 2. 
However, if we estimate using Theorem I l.l( iii). we get 

mo < "2 = 4. 

Example 1.12 (Gluing along non-extremal subset). When glue Alexandrov spaces along non- 
extremal subsets, it may still produce an Alexandrov space. In the following gluing of two flat 
triangle planes, where ZAiBiCi + ^^2^2(^2 = vr and edge [i?iCi] is glued with edge [-62^2]. 
The glued space is also a triangle. When /.AiBiCi > ^, edge [BiCi ] is not an extremal subset 
in the triangle plane AAiBiCi. If Z^2-B2C2 -|- /-AiBiCi > vr, then the glued space is not 
convex, thus it is not an Alexandrov space. 
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Ci C2 Ci ~ C2 





Bi ~ B2 A2 



Example 1.13 (Three points gluing in a self-gluing). This an example for self-gluing with 
mo > 3. Let Z he a triangle. We identify points on each side via a reflection about the 
mid point, i.e., [Ab] ~ [Cb], [Ac] ~ [Be], [Ba] ~ [Ca] and thus yl ~ i3 ~ C are glued 
to one point. The glued space X is a tetrahedron, which belongs to Alex^(O). We see that 
Gl = [AB]U[BC]U[AC]\{A,B,C,a,b,c} is dense in dZ, dim(G|) = 1 and G| = {A,B, C} 
is isolated. 




A 



Example 1.14. (Maximum gluing number) Given k > 0, let X 




i?^!_(S") be the semi n- 



sphere. By Theorem II . 1 T iii) . the maximum gluing number niQ < 



voi(B,,^(S7)) which States 
that any 3 points gluing will not result an Alexandrov space. This is also verified by Theorem 
15.41 in the case 



and R 



2. Preliminaries 



We first recall properties for local structures in Alexandrov spaces. Let X S Alex"(«;). For 
any (n, 5)-strained point p £ X, the metric near p is almost the same as the Euclidean metric. 
By X^{p) we denote the collection of points with (n, (5)-strainers {(aj, bi)}^^^ of size p > 0, where 
p = min {[pai[, [pbi[} > 0. 

l<i<n 

Theorem 2.1 f jBGP] Theorem 9.4). Let X G AleiP{K). If p e X^{p), then the map ijj : X -f 

M", X !->■ (|aix|, • • • , |anx|) maps a small neighborhood U of p t{5, 5i)-almost isometrically onto a 
domain in M", i.e., | [il){x)il){y)[ — [xy[ | < t{5, 5i)[xy[ for any x,y £ U, where 61 = p~^ • diam{U). 
In particular, for e <^ 6p small, ip is an T{5)-almost isometry when restricting to B^{p). 



Let X^™'^) denote the collection of (jn, (5)-strained points, m = 1,2, 



1. The following 



two lemmas give a description of the local structure near the points in X^"' 

Theorem 2.2 f jBGP] 12.8). Let X G Alex''{K). For any p £ X^""^'^), ifp G X° , thenp £ X<^\ 

Theorem 2.3 ( |BGPj 12.9.1). Let X £ Alex'^{K) and p £ X^"-!'*^) with the strainer size p. 
If p £ dX, then a neighborhood U of p is t [6, 61) -isometric mapped onto a cube in R", where 
5i = p~^ ■ diam{U). Moreover, U n dX maps onto one of the hyperfaces of this cube. 
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The points which do not admit (n — 1, 5)-strainer have dimension < n — 2. Moreover, we have 

Theorem 2.4 ( |BGP| 10.6). Let X € Ale£^{K). For 1 < m < n and sufficiently small 5 > 0, 
dim// <m-l. 

A consequence of Theorem 12.21 and 12.41 is that 

Corollary 2.5 f [BGP] 10.6.1). Let X G AleaP^iK). For sufficiently small 6 > 0, dim// {X° \ X^) < 
n-2. 

Let X^^^g = n X^. It's not hard to see that for any p G X^^'s s = Note that X^^^^s 

is dense in X. Moreover, 

Theorem 2.6 (|0S]). Let X £ AleaPin). Then dim// {X XX^^s) <n- 1. 

We now consider the volume of small balls in an Alexandrov space. A consequence of Theorem 
12. H is that for any p G X^{p) and e <ti dp, 

vo\{B,{p)) = (1 + t{6)) ■ vol {B,{W)) = (1 + t{5)) ■ vol (S^"^) /'t"-^ dt. 

Jo 

Furthermore, let xi,X2, ■ ■ ■ ,xn+i be + 1 points in X^{p). There is an estimate of the the 

N+l N 
volume of the "e-ball tube" U B^{xi), in terms of e and S jxjXj+il with a higher order error. 

j=i 1=1 

Lemma 2.7 (Volume of an e-ball tub^, |LR2] Lemma 1.4). Let X G AIcxP-^k) and Xi G X^{p), 
i = 1, 2, • • • , A + 1 satisfy that < < 2e <C (5p and Bf:{xi) n B^{xj) n B^{xk) = for 

N+l 

i ¥^ j ¥^ k i. Then the volume of the e-ball tube U B^{xi) (see Figure 1) satisfies: 



i=l 



N+l 

{1 + t{5))-voI[ U B,(x^) 



i=l 

N 



(2.1) = vol{B,{W)) + 2e- vol[B,{W~^))Y^ f \m''{t)dt, 

i = l -'^i 

where Oi G [0, -^J such that cosOi = ^ ^ 2t'^^ ■ Lf in addition, |a;jXj+i I < 2e^ for alll<i< N, then 



(l + r((5)) • vol 



N N 



(2.2) = voliB.iW")) + ^oZ(5,(M"-i)) ^ |x,Xi+i| + 0(e"+i) ^ \xiXi+i\, 



i=l 1=1 



This may be viewed as a special case of the co-area formula for Alexandrov spaces. 
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Bspixi) 




N+l 
U B,{xi) 



Figure 1 

We complete this section by estabhshing a theorem about the almost (absolute) maximum 
volume. 

Theorem 2.8 (Almost Maximum Volume). Let X £ Alex'^il). If vol{X) > vol{S'^) - e, 
then there is a T{e)-onto h : X ^ §i, which is T[e)-almost isometry as well. In particular, if 
peAe AlesP^{K) and voli'Ep) > vol{S1~^) - 6, then p G A^^') . 

Proof. We first inductively define a distance non-decreasing map : X — )■ S". The case for 
n = 1 is trivial. Let p £ X, then Tip G Alex"~^(l). Assume hn-i ■ Tp — )• S^"^ is defined and is 
distance non-increasing, then /i„ = {hn-i,id) oexp~^ is defined via the composition (c.f. |BGP] 
10.2): 

where Cf is the spherical suspension. Clearly is also distance non-increasing. Let h = hn 
and = §^ - h{X). We have 

vol (n) = vol (§5^) - vol {h{X)) < vol (^n - vol (X) < e. 

Let Br C be the metric ball which is not contained in h{X), i.e., Br ^ ^2. Then 

/•r 

e > vol (n) > vol (Br) = vol (S^"2^ • / sin""2(t) dt. 

Jo 

Thus r < T(e) and /i is a r(e)-onto. 

We now show that /i is a r(e)-isometry. Let p,x € X and p = h{p), and x = h{x) G S". 
It's clear that |p5;|s" > Let qhe a point in X such that \pq\x = sup{|pt|x} = L and 

q = h{q) G S". Because 

vol (S^) - e < vol (X) < vol {Bl{S1)) , 
we have L > ir — T(e). On the other hand, 

27r > \px\§n + |pq^|gn + \xq\sn > \px\s^ + \pq\x + 

> Ip^Isj + \pq\x + (Iwlx - \px\x) = \px\s^ +2L- \px\x- 
Thus |;5x|§n — \px\x < 27r — 2L < r(e). □ 
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3. Internal isometry and Boundary Gluing 

In this section, we will prove Lemma 11.61 11.71 and Theorem 11.41 Except the Dimension 
comparison Lemma (Lemma 13. 7p , all lemmas and corollaries are under the assumptions as in 
Theorem ll.li For a minimal geodesic [pg'Jx in X, we let = [p(l]x \ = 

\ {<?}) Jp'zfx = \ {p^q}- The following basic properties (Lemma 13.11 - [33]) will be 

needed in the later proofs. 

Lemma 3.1. f[Z^) C X''^^\ In particular, /(Z^^^?) C X^^^^ 

Proof. Let x G Z^{p) and x = f{x). For e <ti 5p, because / is volume preserving and 
f~^{{B^{x)) 5 Bf:{x), we have the following volume comparison: 

vol (S^.) • [ sn^-\t) dt > vol {B,{x)) 
Jo 

= vol{r\B,{x))) >vol{B,ix)) 

= (1 - t{s)) ■ vol {S'i~^) ■ r e-^ dt. 

Jo 

By the almost maximum volume (Theorem ESD, X G X^^*^). □ 

Recall that Gx = {x ^ X : f^^{x) is not unique.} and Gz = f~^{Gx)- To show Lemma ll.7] 
we need the property Gz C dZ, i.e., the gluing occurs only along the boundaries. We first show 
that for 6 > small, points in Z^ are not glued with any other point, i.e., Gz ^ Z \ Z^ . 

Lemma 3.2. Let d^ = max{diam{Za)} , vq = min{?;o/(ZQ,)}. Then there is a constant c = 
c{n, K, do, fo) such that for any < 6 < c, Z^ nGz = 0. Consequently, f{Z^) =X\f{Z\ Z^) 
is open in X and for any A C Z, f{A \ Z^) = f{A) \ f{Z^). 

Proof. Argue by contradiction. Assume f{xi) = f{x2) = x and xi G Z^ , X2 G Za. Let 
da = diam(2'a). By LemmaEH x G X^W. Let e > small such that B^{xi) n B^{x2) = 0. By 
Bishop-Gromov relative volume comparison for Alexandrov spaces ( |BBIj . |LR2j ) . we have 

^ ^ vol {f~\B,{x))) ^ vol {B,{xi)) + vol {B,{X2)) 
vol(S,(x)) - vol(S,(x)) 

^ voi(i^.(x,))+voi(zj. |:gf;;;;;^ 

- yo\{B,{x)) 
^ • vol (Sr ^) • /o t-~' dt + vo- 



Let e — )■ 0, we get 



1 > 



{1 + r{6))- vol {sr')-i;t^'-'dt 



/,fo sn-'\t)dt 



(1 - t{6)) ■ vol (S'^-i^ ^ ^ 



(l + T(5))-vol(Sri) 

This is a contradiction for 5 sufficiently small. □ 
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Roughly speaking, we would like to cut curves in partitions and apply the volume formula 
(Lemma 12. 7p to show that f\^s almost preserves length of paths. Let 7 C .^"^ be a geodesic. 
We start from the piece-wise geodesies approximation for 7(7) and apply the volume formula to 
this and the corresponding piece-wise geodesies in simultaneously. We shall check that the 
corresponding piece-wise geodesies in converge to 7. 

Lemma 3.3. ForS,p > small, let Xi G Z^{p) and Xi = f{xi), z = 1,2. There exists a constant 
e = e{6,p) > such that if \x1X2\x < then \ f~^{xi)f~^{x2)\z < 2|xiX2|x- Consequently, f\zs 
is bi-Lipschitz, and thus f{Z^) C X'^(^) is open and dense in X. 

Proof. Assume that |xiX2| = e <^ Sp and |/~^(2;i)/~^(x2)| > 2e. Consider the metric balls 
B^{xi) and B^{x2)- By the volume formula ()2.ip . 

(l + r(5))-vol(B,(xi)U5e(x2)) 

-tt/2 



vol(S,(M")) + 2e-vol(S,(M"-i)) j sin"(t)(it 

J7r/3 

2e-vol(B,(M"-^)) / sin"(t)(it + 2e-vol(5e(M"~^)) / sin"(t)dt. 



Since Be{f-^{xi)) D B,{f-'^{x2)) = 0, we have 

(1 + t{5)) ■ vol {B,{f-\xi)) U B,{f-\x2))) 

= 2vol (5,(]R")) = 4e • vol / sin"(t) dt. 

Jo 

Note that f-^{B^{xi) U B^{x2)) 5 B^{f-^{xi)) U S,(/-^(x2)). Together with that / is volume 
preserving, we get 

^ _ vol {f-\B,ixi) U B,{X2))) ^ vol {B,if-Hxi)) U i?,(/-i(^2))) 
vo\{B,{xi)UB,{x2)) - vol{B,{xi)UB,{x2)) 

= (!_.(,)) ^i;^'---it)dt 

/;/%in"(t)dt + /;/3%in-(t)dt 
This is a contradiction for sufficiently small 6. □ 

Let ^^(7) denote the length of the curve 7. By Lemma 13.21 and 13.31 for any continuous curve 
7 C f{Z^) C X'^^^\ /"H7) C Z^ is also a continuous curve with ^(7) < L(/-i(7)) < 2L(7). 
In particular, f\^s maps connected components to connected components. We now show that 
f\zs is an r((5)-almost isometry. 

Lemma 3.4 (Almost Isometry). Let 6 > be small and a,b £ Z^ . If [/(a)/(5)]x C f{Z^), 
then 

(3.1) l< |„'f'^^.| <1 + t(^). 

Proof. Let x = f{a),y = f{h) € f{Z^). Note that [xy]x C f{Z^) C X^^-^), 7 = f-\[xy]x) C 
is a Lipschitz curve with L(/~^([xy Jx)) < 2\xy\x- Then there is /o > 0, such that [xy]x C 
X'^('')(/9) and 7 C ■Z'^(/o)- Let {xi}f^ be a partition of [xy]x with = for all z, where 
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e <^ m.m{5p, t{6)p}. Let Zi = f~^{xi). Consider the union of e-balls of Xi and Zi. It's clear that 

N+l 

U B^{xi) satisfies the conditions in the volume formula (Lemma I2.7p . Thus we have 

i=l 

(1 + t{5)) ■ vol {^^^B,{xi)^ 

N N 

= vol (Be(M")) + vol (5.(M""i)) \x,Xi+i\ + 0(e"+i) ^ \xiXi+i\ 

i=l i=l 

N 

(3.2) = vol (i?e(M"-i)) ^ \xiXi+i\ + 0(e"). 

j=i 

N+l 

By Lemma 13.31 it's easy to check that U B^{zi) also satisfies the conditions in the volume 

i=l 



formula. Apply the volume formula (|2.2p again: 

(3.3) (1 + t{5)) ■ vol (^'u'i'^,(z,)) = vol (i?.(M"-^))) ^ \z,z,+i\ + 0(e"). 

Using (j3.2p and ()3.3p . together with the fact that / is 1-Lipschitz and volume preserving, we 
have 

/ , f N+l W /N+l 

vol /-I B,{xi) j j vol .U B,{zi, 



vol ( B^{xi) j vol ( B^{xi) 

vol (i3e(M»'i)) E.=i + 0(0 

vol (i?e(K"-i)) E.=i k^^ml + 0(e") ^ 



(l-r(5)) 



Ei=i +0(e) 



\xy\x + 0(e) 
Let e — )■ 0, — >• oo, we get 

N 

(1 + t{5)) ■ \xy\x = lim > -^(t) > \ab\z- 

i=l 



□ 



Let's explain the idea for our next move. Given j C Z° and f{'y) C f{Z°). It's sufficient to 
show that L{f{^)) > L{'y). We would like to construct C f{Z^) so that both — )• /(7) and 
L(cJe) — >■ L(/(7)). Then because C 5Z (Lemma 13. 8f i)). /"^(cr^) — )■ 7. Consequently, 

L(/(7)) = limL(a,) > (1 -r(5))liminf L(ri(c7,)) > L(7). 

To carry out this idea, the main difficulty is the lack of information about the metric or shape of 
f{Z^) in f{Z°). Our approach is to find by modification. First take a partition {xi}fLi of 7(7), 
then perturb the geodesic pieces [xjXj+i ]x C f{Z°) to geodesic pieces [x'^x'^_^i ]x C fiZ"^^) with 
IxjX^lx < e/A". Then = U[x^x^_,_]^ ]x is the desired approximation. The Dimension comparison 
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Lemma (Lemma 13. 7p is crucial to grantee the existence of C f{Z^^) (Lemma EJ]). 

For a technical reason, the openness of f{Z°) (Lemma I3.8P is needed as well . 

Remark 3.5. 

(jl.2[ l) The above approach essentially relies on the lower curvature bound, because the Dimen- 
sion comparison Lemma is false without lower curvature bound (Example II. 5|) . 

(jl.2[ 2) The above idea can not be carried on for a path 7 C dZ, because f~^{a^) may never 
converge to the given path 7 for any approximation ct^ of /(7) (see the following example). 

Example 3.6. Consider the gluing of a cylinder S(r) x [0, 1] with a disk D(r) (as the cap). For 
a gluing path 7 C S(r) x {0}, any piece- wise geodesic perturbation of 7(7) in the glued space 
X "mainly" stays in the disk part, and thus its pre-image will never converge to a path in the 
the boundary of the cylinder. 

The following lemma holds for general X G Alex"(K). 

Lemma 3.7 (Dimension comparison). Let VLq ^ X ^ Alex"'{K) be a subset and p & X be a fixed 
point. For each point x € il.Q, select one point x on a geodesic [px]x- Let il. be the collection of 
the xs for all x £ Qq. Lf dx{p,^) > 0, then 

dim//(r2) > dim//(f]o) — 1- 

Proof. Let F = x [0, 00), with the metric 

d{{xi,ti), {X2,t2)) = \x1X2\x + \h - i2|, 

where Xi £ ^l, ti G [0,oo), i = 1,2. Define a map : fio — )■ F, x 1— )• (x, Ipxjx), where x 6 [px]x 
is selected as the above. We claim that the map h is co-Lipschitz, i.e., there is a constant c such 
that for any xi,X2 G ^0, 

\h{xi)h{x2)\r > c ■ \xiX2\x- 

Then 

dim/i-(il) -|- 1 > dim/i-(F) > diuiHi^o) = n. 

The above claim is verified by triangle comparison. If geodesies and [px2]x are 

equivalent (i.e., one lies on the other), then 

\h{xi)h{x2)\r _ \x1X2\x + \\pxi\x - \px2\x\ ^ ||pa;i|x - \px2\x\ _ ^ 
\x1X2\x \x1X2\x ~ \x1X2\x 

Assume that geodesies [pxi]x and [px2]x are not equivalent. Note that |p2;2|x > 

dx{p,^) > 0. Thus 

\h{xi)h{x2)\r \x1X2\x + \\pxi\x - \px2\x\ ^ \x1X2\x ^ , , , o^^ ^ n 

— i i = i i ^ 1 i — ^ c(k, ax(p, ")) > 0. 

\x1x2\x \x1x2\x \x1x2\x 

□ 

Lemma 3.8 (Boundary gluing and dimension). Assume Gz 7^ 0- Let p G Gz- 

(i) For (5 > small and any r > 0, dim(Sr(p) \ Z^) > n — 1. Consequently, Gz ^ dZ and 
thus f{Z°) =X\ f{dZ) is open. 
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(ii) If in addition the gluing theorem for the spaces of directions (Theorem \1.4\ ) is true, then 
for any r > 0, 

dim{Br{p) n Gz) > dim(S^(/(p)) n Gx) >n-l. 

Proof. Gz ^ dZ is a consequence of (i) due to the fact that the interior non-{n,6) strained 
points have dimension at most n — 2 (Corollary I2.5p . (i) and (ii) share the same proof with a 
slick modification. 

Let p q £ Gz with f{p) = f{q) = a£ Gx- Not losing generality, assume p £ Zi and q £ Za 
(q may equal 1). For both (i) and (ii), because / is 1-Lipschitz and dim// < dim/^, it's sufficient 
to consider the Hausdorff dimension for f{Br{p) \ Z^) and f{Br{p) n Gz) = f{Br{p)) D Gx 
respectively. Note that /(fir(p) \ Z^) = f{Br{p)) \ f{Z^) by LemmaO 




Figure 2 

By Lemma 13.21 select 5 > small so that f{Z^) D Gx = 0- By Theorem 12.61 for any 
r/ > small, there is qi G Za^^ with < f]- By Lemma [3.11 ai = f{qi) G Let 

ft /9 

O = f{B^{p) n Zl'"). By the volume preserving, it's clear that 

dim// ($7) = n. 

We first claim that for any x G 17, [xai]x — f{Z^) 0. If not so, then [xai]x C f{Z^). 
Let z = f^^{x). By the almost isometry of / (Lemma 13. 4p . we get |xai|x = (1 — '^{,^))\iq\\z- 
Consequently, 

2r/ > \zp\z + \qq\\z > \xa\x + \aai\x 

> \xa,\x = (1 - r{6))\zqi\z > (1 - r{6))i\pq\z - 2r?), 

which yields a contradiction by choosing 6 and rj small. 

Take x G [xai ]x \ f{Z^) which is closest to x (see Figure 2). It's clear that x x. Moreover, 
X ^ f{Z^) because f{Z^) = X\f{Z\Z^) \s open in X (by LemmaEJ) and thus [xai]x\ f{Z^) 
is closed. We claim that x G f{Bj.{p)) and furthermore x G f{Br{p))riGx if Theorem II. 41 is true. 
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Assuming the claim, let ili be the collection of all x for all x G Then f^i C f{Bj.{p)) \ f{Z^) 
and 0,1 C f{Br{p)) H Gx under the assumptions as in Lemma l3.8f ii). 

Note that oi G X^''^. There is a small ball -8^(01) C f{Z^^^). Thus for any of the above 
selected x ^ f{Z^), we have |a;ai|x > £• By the Dimension comparison Lemma (Lemma I3.7p . 
we have 

dim//(r2i) > dim/f — 1 = n — 1. 

It remains to check the claim. We shall find z S Br{p) such that x = f{z) and show that 
z € if Theorem 11.41 is satisfied. By the construction, C f{Z^). Let Xi € [xx[x with 

Xi — )• X. By the almost isometry of / (Lemma 13. 4p . there are Zi = f~^{xi) G Z^ such that 

(3.4) {1 + T{5))\xxi\x = \zzi\z. 

Passing to a subsequence, let z = lim Zj. Clearly, because / is continuous, we have f{z) = x 
and 

(3.5) \zz\z = liiii \zzi\z = (1 + t(J)) lim = (1 + t{5))\xx\x- 

j— >oo i—^oo 

Thus 

\pz\z < \pz\z + \zz\z 

< 7? + (1 + t((5))|xx|x <?/+(! + T((5))|xai|x < (3 + r((5))r/. 

Choosing 77 > small, we will have z G Br{p). Because oi G and by Theorem l5.1l and l5.21 

we see that ]xai]x C In particular, x € 

If assume Theorem 11.41 but x ^ Gx , then 

vol(S,-) =vol(S^) =vol (S^i), 

Consequently, z G This contradicts to the selection that x ^ f(Z^). □ 

Our plan is to use Lemma I3.8f i) and Lemma 13.71 to construct the desired perturbation of 
7(7). This will enable us to prove that f\z° is an Internal isometry (Lemma II. 6p . Using this 
and induction on Theorem 11.11 we establish Theorem 11.41 ^-nd then Lemma I3.8( ii) follows. 
Together with the fact Gz ^ dZ, Lemma 11.71 is proved. 

Lemma 3.9 (The single perturbation). For any p G f{Z^) and x G X. If[px]x C U ^ f{Z^), 
where U is a convex neighborhood of x in X, then for any e > 0, there is x' G B^[x) such that 
[px']xCfiZ^'). 

Proof. If the assertion is not true, then for any x' G B^{x), [px' ]x \ f{Z^^) contains at least one 
point. Let Q = {y' e [px']x \ fiZ"^^) : x' G B^{x)]. Because p G f{Z^), there is a small ball 
such that Br{p) C f{Z^^) and thus dx{p, 0) > r. By the Dimension comparison Lemma, we get 

(3.6) dimH(f^) > n- 1. 

On the other hand, take e > small so that B^[q) C U . Because U is convex in X, we have 
[px']x cue f{Z°) for all x' G B,{x). Consequently, Q C /(Z°) \ /(Z^^) = f{Z° \ Z^^) by 
Lemma 13.21 Thus 

dimH(f^) < dim// (^f(Z° \ Z^-^)) < dim// {z° \ Z^^) < n - 2, 
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which contradicts to the dimension estimate (13.61). □ 



Proof of Lemma 11.61 Let 7 : [0, 1] — )■ Z° be a Lipschitz curve and 7 = /(7). Clearly, 7 is a 
Lipschitz curve since / is 1-Lipschitz. It remains to show ^(7) > -^^(7). Note that by Lemma 
I3.8( i). f{Z°) is open. Then for each 2; G 7, there is a convex neighborhood Ux C f{Z°). The 
existence of such convex neighborhood is referred to |PP| 4.3. Because 7 is compact in X, 
there is a finite covering {Ux2i}iLo- > so that 7(t2j) = X2i- Choose the corresponding 

covering from the interval [0, 1] so that = to < ^2 < • • • < = ^, 7{to) = xq, 7(t2Af) = X2n 
and 7 n Ux2, n / 0- Let X2i+i G 7 n U^^^ n t/x2(,+i), for i = 0, 1, • • • , - L Then 

= to < ti < t2 < ■ ■ ■ < t2N = 1 and we have 

2Af-l 

i(7) > Yl l^i^i+iU- 

j=0 

Now we use Lemma 13.91 to find the right perturbation of U[xjXj+i]x- First choose x'q £ 
fiZ^/^^'') n B,/2Nixo) n Ux^. By the convexity of Uxq, we have [x'qXi]x C Uxo C 
By Lemma there is x[ G B^/2n{xi) n Ux^ n Ux^ such that [xqx[]x C /(Z'^/^^^"^ ). By 
the convexity of Ux2, we have [x2X2]x C Ux2 C f{Z°). Proceeding the above adjustment 
recursively for j = 1,2, ••• ,2N, we get a sequence {x^j^^g with Xj G B^/2N{xj) such that 
]x C ^{Z^l'^'^^ 1^ f{Z^) for each j. Because x^- are e/2A^-close to Xj, we have 

2Ar-l 27V-1 ^ 2g \ 2Ar-l 

^(7)> \xjx,+i\x> Y (l44+iU-^)= |x;.x;.+i|x-2e. 

j=0 j=0 ^ ^ j=0 

Let Zi = /~^(x'j). By the almost isometry (Lemma 13. 4p . we have |x^x'j_^]^|x = (1 — ''"(5))|zi5j+i|z. 
2Ar-l 

Note that U ]z — ^ 7 as e — )• 0, since Gz H Z° = 0. Therefore, letting e — )■ 0, we have 

2N~1 2N-1 

L(7) = lim Y \«+i\x = (1 - r{S)) lim ^ > (1 " r{5))m. 

Let (5 — )• 0, we will get the desired result. □ 

Corollary 3.10. Let z £ Z and 7 : [0, T] — )• Z 6e a quasi- geodesic with 7(0) = z and 7((0, T]) C 
Z°. Then /{"f) is a quasi- geodesic in X. 

Proof. Let tj > and ti — 0. Note that f{Z°) is open, thus for each x G 7((ti,T]), there 
is a convex neighborhood Ux C f{Z°). Consequently, /(7((tj,T])) is quasi-geodesic in X, 
since f\z° is an isometry. Because the limit of quasi-geodesics is a quasi-geodesic, we get that 
7(7) = lim /(7((tj,r])) is a quasi-geodesic. □ 

We prove Theorem 1 1.1 1 bv induction on dimensions. By the inductive hypothesis, the following 
lemma implies that the space of directions of the boundary points are also glued as described 
in Theorem II. H i.e.. Theorem 11.41 holds. Recall that Sj-i^^) = US^^, where x £ X and 

{zp} = r\x) c z. 

Lemma 3.11. For any x £ X, the following holds: 



SHRINKING AND GLUING UNDER LOWER CURVATURE BOUND 



19 



(i) = vol{T.^), 

(ii) f~^{x) is finite, 

(iii) / induces a shrinking map dfx : — t- S^;. 

Proof. Let f~^{x) = {zp}. We first define a 1-Lipschitz map dfx ■ — t- over for eacli 
/3. Assume G Zq,^. For any ,^ G S^^, let 7 : [0,T] — be a quasi-geodesic witli 7(0) = Z/3, 
7+(0) = ^ and 7((0,r]) C Z°^. Let (T(t) = f{-f{t)). By Corollary EIOl a is a quasi-geodesic in 
X. We define dfx{(,) = cr~^{0). Note that is an isometry, thus dfx\T,° is also an isometry, 

since the intrinsic distance in dfxiX'°zp) determined by the limit of comparison angles whose 
opposite sides are taken as geodesies in Because is compact and is dense in Sf^, 

dfx can be uniquely extended to a 1-Lipschitz map over S^^. Consequently, we get a 1-Lipschitz 
map 

dfx '■ ^df-^ix) = ~^ 

To show (i), we first observe that ^/^(S?^) nd/2;((9S^^) = 0. If not so, assume dfx{a) = dfx{b), 
where a G and 6 G dT.^^. Take b' G [a^ls- with |6'6|s- = i|a?)|s- • Then 6' G S° 
Because (i/a;|so is an isometry, 

3 

^la^ls,^ = \ab'\j:.^ = \dfx{a)dfx{b')\^^ 

= \dfx{b)dfx{b')\j,^<\bb%^^=^\ab\^^^, 

which is a contradiction. To get (j3.11[ l). it's sufficient to show that n dfx{^°^.) = 

for i / j. Let a G and b G S?^. , where G Zq. , Z/3 G Z^^. Let 7, a be geodesies in X from 
j; whose directions are e-close to dfx{a), dfx{b) and 7((0, T]) C , (j((0, T]) C Z^^. . For each 
t, s G (0,T], take u G [7(i)<^('5) ]x H /(9Zq,J which is closest to 7(t). Clearly u G /(9Zq,-) and 
u / 7(i)- Passing to a subsequence, we get ,^ = lim G ^/^(SSz,). Then 

|d/x(a)d/x(6)|E. > ^lim 2« (x^g) - 26 

> lim 2« (xZ^'A - 2e = |d/.(a)e|s. - 2e > 0. 

The last inequality holds for e small since dfxC^"^.) H dfx{dT,^.) = 0. 

(ii) follows by the proof of Theorem ll.ll fiii) since it only requires the volume equation 



vol(S^) = vol (^^zp^ 



(iii) It remains to show that dfx is onto. This follows by the fact that dfx is continuous, 
dfxi^T,^^) is dense and IIS^^ is a union of finitely many compact spaces. □ 

4. Length Preserving and Shrinking rigidity Theorem 

The main effort for this section is to show that / preserves the length of path (Lemma II. 8p . 
This is not true without assuming a lower curvature bound (Example II. 5p . The key lemma 
(Lemma 14. 2p relies on the local structures near the gluing/glued points (Lemma 14. ip and the 
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first variation formula. If not stated otherwise, the assumptions for the lemmas in this section 
will be the same as in Theorem II. 1[ 

Lemma 4.1 (Locally almost conic gluing). Let dfx ■ — t- 'Ex be defined as in Lemma \3.11{ 
For any 5 > Q small and a S dZa, a = f{a), there is a neighborhood Ua of d in such that for 
any q £ Uari dZa and q = f{q), 

\dfx{fg) Ie, < 26. 

Proof. Let T^{dZa) = dfq{d'Eq) = < lim f^: x = f{x),x S dZa > denote the tangent space of 

f{dZa) at q respect to q. We first show that there is w G Tq{dZa) so that 

(4.1) ll^^l^^ >vr-5. 

If this is not true, then there is a sequence qi ^ d and qi = f{qi) — )■ a such that 

for all V G Tq{dZa). Let (Xi,a) be the rescalled space of (X, a) by '^/\dqi\za — ^ oo. Then 
{Xi,a) ^'^^ > (Co(5]a)5 a)j where Co(Sa) is the tangent cone of a and a is the cone vertex. Also, 

we have (Zq,, d) '^'^^ > (Co(Sa)) f*)- Let q G Co(Sa) be the limit of qi. Passing to a subsequence, 

let q G Co(Sa) be the corresponding limit of qi in the rescalling. Let / : Co(Sj-i(a)) — )• Co(Sa) 
be the limit projection map. By Theorem ll.4l Co(Sa) is a glued space of Co(Sj-i(a)) along their 
boundaries x R. Moreover, we have that 

(i) there is a 1 + T(l/i)-Lipschitz onto map from the sequence T^j^^dZa) to T^{dZa) for i 
large; 

(ii) r|(az„) = d/,-(5s.); 

(iii) for u,v £ (9Sj-i(„) with ^ = dfa{u) = dfa{v) G S^, we have that f{u x M) = f{v x M) = 
^ X M is a geodesic. 

By (i), we have 

(4.2) ItiHs, <vr-<5, 

for all V G T^{dZa). Consider the geodesic [Qd]cQ(2a) "^tg ^^i^d extend it to qi. Let 
qi = f{qi)- By property (iii), [gia]co(s,) = /([li^i ]co(Ea,)) is a geodesic in Co(i;a) connecting 
^1 and a and passing through q. Note that t|'= d/g-(tf ) G dfq{dJ:-) = T^idZo,) by (ii). This 

contradicts to (|42]) since | t|t|^ = tt. 

Note that /([^a]) is a quasi-geodesic in X jointing q and a. For the above selected u, by a 
similar argument, we see that 

(4.3) \dfx{\^)v\j,^>^-6. 

Because Eg G Alex""^(i), we have 

I He, + |4fx(ti) He, + |4fx(ti) Ie, < 2^. 
Together with ()4.ip and ()4.3p . we get the desired inequality. 

□ 
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Using the above lemma the the first variation, we are able to show that / almost preserves 
the length of path locally. 

Lemma 4.2. Let 6 > be small. Then for any a G dZa, there is tq = ro(a) > such that for 
any b G Bro{a), 

\ab\z„ 

Proof. Let U C he the neighborhood of a chosen in Lemma l4.ll and 

ro = ^ sup{r : Br{a) C U} > 0. 

Let a = f{a). Given b G Bro{a), and b = f{b). It's sufficient to find a path 7 from 6 to a in 
such that (1 — 5)L{'^) < \ba\x- Let 

s = inf{|/(7(T)) a\x '■ there is a path 7 : [0, T] — )• Za with 7(0) = b, 
and satisfies \ba\x — |/(7(r))a|x > (1 — S)L{'y) }. 

Clearly \ba\x > s > 0. We first show that s = 0. Assume s > 0, then there is a path 
7 C Brg{a) C Za such that 7(0) = 6, j{T) = q, q = f{q), s = \qa\x > 0, and 

(4.4) \ba\x-\qa\x>{l-d)L{^). 

Starting from q, we will find an extension of 7 toward a which also satisfies (14. 4p . By a little 
perturbation if t| ^ S^, take I G S^, such that 

(4.5) le'iiE, <5. 

Take a quasi-geodesic a : [0, e] — Za with (5"(0) = q, (5""^(0) = ^ and (t((0, e]) C Let u = 
(5"(e) G u = f{u) G f{Za). Join u and a by a geodesic [ua]x in X. Let gi G [tia]x n f{dZa) 
which is closest to u. Because f~^{u) = u ^ Z^, there is qi G dZ^ such that qi = f{qi), 
[uqilz^ C Z°, [uqi]x = f{[uqi]zj and \uqi\z^ = \uqi\x- We claim that 

(4.6) \qa\x - \qia\x > (1 - S){e + \uqi\x) = (1 - 5)(L((t) + \uqi\zj- 
Then l^iajx < |(7a|x = s. Summing (j4.6p with (j4.4p . we get 

(4.7) |6a|x - kiaU > (1 - '5)(L(7) + L{a) + |ti(7iUJ 

= (l-5)L(7UaU[ii(7i]zJ, 

where 'yUaD[uqi ]za ■ b^q^u^qi is a continuous path. This contradicts to the assumption 
that s = \qa\x is the infimum. 

To see (|4.6p . consider the triangle Auqa C X which consists of [gajx, and quasi- 

geodesic a = /((t) (by Corollary I3.10p . Note that for 6 > small and any path 7 satisfying 
(fOl) . we have 

(4.8) \qa\z^ < \bq\z^ + \ba\z^ < L{^) + ro 

< 2{\ba\x - \qa\x) + ro < 2\ba\z^ + ro < 3ro. 
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Thus q e Biro{a) C tj . It's clear that o-+(0) = df^{C). By LemmadJl 
(4.9) |a+(0) Is, < |cT+(0)(i/,.(t|)|E, + |#.(ti) Is, 

<le tils, + |4fx(t|) t^ls, <35. 
Note that L[a) = L{a) = e. By the first variation formula, 

\uqi\x + ki^lx = \ua\x < \qa\x - cos(3(5)e + o(e). 
Take e > small so that o(e) < ^6e. Then for 5 > small, 

IqO'Ix — \qii\x > l^iftlx + cos(3(5)e — -de 

> \uqi\x + (1 - 6)e > (1 - 5){\uqi\x + e). 

Since s = 0, let 7 : [0, T] — )■ be a path from b satisfying 

l^alx > (1 - <5)L(7) and f{j{T)) = a. 

It remains to show that 7(T) = a. Since f~^{a) is finite (Theorem ILlf iii)). we can take U 
small enough so that f~^{a) CiU = {a}. Thus it's sufficient to check 7(T) £ U. By a similar 
estimation as ()4.8p . we get that 

\liT)a\z^ < \b^{T)\z^ + |kU„ < L(7) + |6a|z^ 

< 2\ba\x + \ba\z^ < 3ro. 

Thus 7(T) G S4ro(a) C f/. □ 

In the following we give a proof of the length preserving. 

Proof of the length preserving (Lemma II. 8|) . By Lemma II. 7| it remains to show that 
-^(/(t)) ^ -^(7) Lipschitz path 7 : [0,1] — )■ dZa- Let 5 > he small. For each 

X G 7, there is an open ball B{x) satisfies Lemma 14.21 Since 7 is compact, there is a fi- 
nite covering {B{x2i)}^Q. Let t2i > so that 7(t2i) = X2i- Choose the covering so that 
= to < ^2 < • • • < i27V = 1, 7(0) = xo, 7(1) = X2N and 7 n B{x2i) n B{x2(i+i)) / 0. Let 
X2i+i e 7 n B{x2i) n -B(f 2(i+i)), for i = O, l, • • • , iV - 1. Then = to < < ^2 < • • • < t2Af = 1- 
For any e > 0, by choosing the size of Ux small, we have 

27V 

\xjXj+i\z^ > Liff) - e. 

j=0 



Let Xj = f{xj) G fij)- By Lemma [42| 

2Ar 27V 

L{f{l)) > Yl \Xj^j+l\x >{l-S)Y \XjXj+l\z^ 
j=0 j=0 

>(l-5)(L(7)-e). 

Let e, (5 ^ 0, we get L{f{j)) > L{j). □ 

By the Shrinking rigidity Theorem and the the gluing of spaces of directions (Theorem II. 4p , 
we have the following properties for the gluing points. 
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Proposition 4.3. 

(i) f{Z^) <^X^\Gx ^ f{Z^^^^) for6>0 small. In particular, X ^''B \Gx = f{Z^^B). 

(ii) dX^f{dZ). 

Proof, (i) f{Z^) <^X^\Gx is clear by the Theorem O For any xeX^\Gx, let z = f-^{x). 
By Theorem 11.41 

vol (S^) = vol (S^.) > vol (S^-^) - t{5). 

By Almost Maximmn Volmne Theorem (Theorem I2.8p . z G Z'^^^\ 

(ii) It's equivalent to show that f{Z°) C X°. Let z G Z° and x = f{z). We shall show 
that dTix = 0- By the gluing of spaces of directions, Sj-i^^.^ and T,^ satisfy the assumption as 
in Theorem 11.11 Note that (9Sf = 0. By Theorem II. H Ti^ is isometric to Sf, which has no 
boundary. □ 

It remains to prove Theorem II. l( iii) and (iv). 

Proof of Theorem ll.ll (iii). Let Z/j G satisfying /(%) = x £ X. Let d^^ = diam(Za^). 
For each I < /3 < m, 

vo < vol {Za,) < vol (S,,) • / snr'(i) dt < vol (S,,) • / sn^-Ht) dt. 

Jo Jo 

Summing up for /3 = 1, 2, • • • , m, we get 

m • i;o < V vol (S^^) • / snr'(i) c^t- 
/3=i -^0 

By Theorem 11.41 we have 

vol (S,^) = vol (S,) < vol (Sr 1) . 

/3=1 

Thus 

m-vo< vol (Sr^) ■ / snl-\t) dt = vol (Srf„(S;j)) 

JO 



□ 



Proof of Theorem ll.ll (iv). Due to Lemma l3.8( ii). it's sufficient to show that 

dim// ( 

Vr 

By Theorem 11.1( 11) and because mo < oo, we get 



u" ) < n - 2. 

Vm=3 



dim// U < n - 2. 

\m=3 



We claim that there is (5 > small such that for any x G G™ , m- > 3, there is i G Z \ Z^" ^'"^^ 
with f{z) = X. Then because / is 1-Lipschitz and by Theorem 12.41 we have 



dim// ^gG^x) < dim// (^Z \ Z^""^'^) j < n - 2. 
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If the claim is not true, then f~^{x) = {zi,Z2,--- ,Zm} C Z^'^~^'^\ By Theorem 12. H either 
Zi G ^^("5) or Zi G dZ. In both cases, by Theorem O and ESI we have vol (S^^) > ^vol (§1""^) - 
t(5) for each 1 < f3 < m. Thus 

m 

vol (Sr^) > vol (S,,) = vol (S,^) 

13=1 

> J] -vol (Sr^) - t(5) > |vol (Sr^) - mor(5). 

This is impossible for m > 3 and 5 > small. □ 

5. Applications 

We can use the Shrinking rigidity Theorem to study the shrinking of spaces of directions in 
Alexandrov spaces. Let X G Alex"'(K). When the points converge in X, the space of directions 
of the limit point is known to be "smaller" than the Gromov-Hausdorff limit of the spaces of 
directions of the sequence, i.e., we have liminf Sp. > Sp in the following sense. 

Theorem 5.1 ( jBGPj 7.14). Let X € Alex"'{K) and pi p be a sequence of convergent point 
on X . Then for any Gromov-Hausdorff convergence subsequence Sp. > S, there is a 1- 

Lipschitz onto map / : S — t- Sp. 

A natural question to ask is, when do we have lim Sp. = Sp? Petrunin showed that if the 

points are interior points of a geodesic, then the spaces of directions are isometric to each other. 
Consequently, lim Sp. = Sp in Theorem 15.11 for points converging within the interior of a fixed 

geodesic. 

Theorem 5.2 ( |Pe2j ). Let X G Ale3p'{K). Then for any x,y G]pq[x: is isometric to Sy. 

We find a volume condition which can determine that lim Sp. = Sp. An application of this 
theorem is to prove the stability for relatively almost maximum volume (Theorem 15. 5p . 

Theorem 5.3. (Shrinking rigidity of space of directions) Let Xi G Alesr'{K) with {Xi,pi) > {X,p). 

If lim ?;o/(Sp.) = vol (Tip), then lim Sp. = Sp. 

Proof. Not losing generality, assume that Sp. converges and S is the limit. We shall first find a 
1-Lipschitz onto map / : S — t- Sp. Since it preserves the volume, by Corollary II. 3^ it's sufficient 
to show that /((9S) C dTp if (9S / 0. 

For any ^ G S, let G Sp. such that lim = ^. Let 7^ be a quasi-geodesic in Xi with 

7i(0) = Pi and 7/^(0) = ^j. Passing to a convergent subsequence, 7 = lim 74^, is a quasi-geodesic 

fc— >oo 

in X with 7(0) = p. We define 

/:S^Sp, e^7+(0). 

By the semi-continuity of convergent angles (Theorem [5TTJ, / is 1-Lipschitz. By the same reason, 
/ is independent of the selection of the sequence 74^. and ^j. For any g G X, there are qi G Xi 
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such that hm qi = q. Select geodesies [piqi]xi such that \\m[piqi]x^ = [pq]x- Passing to a 
subsequence, let = lim fp.'' G S. Then by our definition, /(^) = r/. Furthermore, / is onto 

fc— >oo 

since {fp : q G ^} is dense in Sp and S, Sp are both compact. 

If dTi 7^ 0, we check that f{dT,) C 5Sp. Not losing generality, assume d'Ep. ^ for all i. 
Let ^ G dT, and G 9Sp^ with lim S,i = Let 7j be quasi-geodesics in Xi with 7j(0) = 

and 7j^(0) = ^j. Because dXi is an extremal subset, ji C and thus 7 = lim 7^ C dX. 

k—^oo 

Therefore, /(C) = 7+(0) G ^Sp. □ 

Using the Shrinking rigidity Theorem and the above theorem, we are able to classify the 
Alexandrov spaces which achieve/almost achieve their relatively maximum volume. Let Ck(Sp) 
be the K-cone (see |BGP| §4) and C^(Sp) be the metric r-ball in Ck(Sp) centered at the cone 
vertex O. Let T. x {R} = {q € C'^(S) : \Oq\ = R} denote the "bottom" of C'^(S), where A 
denotes the closure of a subset A. 

Theorem 5.4. (Relatively Maximum Volume) Let p G X G Ale3P{K). For any < r < R, if 
the equality in the Bishop-Gromov relative volume comparison 

voliBRip)) ^ voliBRiS]^)) 

VoliBrip)) ~ V0l{BriS]i)) 

holds, then the metric ball B^ip) is isometric to C^(Sp) in terms of their intrinsic metrics. If 
X = Bfjip), then 

(i) R< ^ or R = ^ for K> 0; 

(ii) X is isometric to a self-glued space C^(Sp)/(x ~ (pix)), where </> : Sp x {i?} ^ Sp x {R} 
is an isometric involution; 

(iii) if X is a topological manifold, then X is homeomorphic to S" or MP" . 

The above theorem was proved in [LR2j using a different technique, which relies on the 
specialty of cone structure in both parts of the open ball isometry and the isometric involutional 
gluing. Here we will give a direct proof using Theorem ll.li The first work in this kind in 
Riemannian geometry was by Grove and Petersen ( |GPj ). where X is assumed to be a limit of 
Riemannian manifolds with vol(X) = vol (i?/j(S")) and the conclusion is somewhat stronger. 
The case assuming X G Alex"(K) with vol (X) = vol (!?/?(§")) was discussed in |Shj . 

Proof of Theorem 15.41 We first prove (ii). By Lemma 4.3 in |LR2] . we see that if the equality 
holds, then vol(i?R(p)) = vol (C^(Sp)). For each R > 0, the gradient exponential map ( |Pe3j ) 
g'expp : C^(Ep) — Bjiip) is shrinking. Note that the proof of Lemma 11.61 relies only on the 
local structure of Alexandrov spaces. Thus 5expp|C^(S°) = (jexp^ |C^(Sp)° is an isometry. 
It's clear that g( expp(C^(9Sp)) C dBj^ip). Therefore gex.pp |C^(Sp) is an isometry. 

If X = Bjiip), by the above and Theorem 11.11 X is a space produced from C'^(Sp) via a 
self-gluing along S x {R}. By the same argument in |LR2] (Lemma 2.6), we see that for any 
g G S X {R} with {91,^2} ^ gexpp'^iq), gexpp ([ Oqi ]cfl(Sj,)) U^exp^ ([0^2 Ic^CEp)) fo™s a 
local geodesic at q. Thus = for m > 3, then the isometric involution follows by Theorem 
[TTl 
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(i) follows by (ii) since if i? > then X is homeomorphic to the suspension Ci(Ep). 

However, we have showed that the maximum gluing number mg < 2. Assertion (iii) follows by 
the same as argument in |LR2j . □ 

Using Perel'man's Stability Theorem, Theorem 15.41 and the Shrinking rigidity Theorem for 
spaces of directions (Theorem 15 .Sp . we get the following stability theorem, which generalizes the 
result in |LR2j without assuming that X is a topological manifold. 

Theorem 5.5. (Stability of Relatively Maximum Volume) Let p G X G Ale3p'{K) with X = 
Bji{p). There is a constant 

e = e(Sp, n, k,R)>0 

such that if vol {X) > uo/ (C'^(Sp)) — e, then X is homeomorphic to a self- glued space (Hp)/ [x '-^ 
(j){x)), where (j) : T,pX {R} — )■ Sp x {R} is an isometric involution. In particular, if X is a topo- 
logical manifold, then X is homeomorphic to S" or MP". 

Proof. Let {Xi,pi) G Alex"(K) be a Gromov-Hausdorff convergent sequence with Sp. = Sp, 
Xi = Bji{pi) for all i, and lim vol (Xj) = vol (C'^(Sp)) . Let {X,p) be the limit space of 

s>oo 

{Xi,pi). Then X = Br{p), vol (X) = vol (C^f (Sp)) and there is a shrinking map / : Sp — )• Sp. 
Consequently, 

(5.1) vol (C,^(Sp)) < vol {C^i^p)) = vol {X) < vol (Q^(Sp)) . 

Thus vol(X) = vol(C'^(Sp)). By Theorem El {X,p) is isometric to a self-glued space 
C^{T,p)/{x ~ (j){x)), where (p : T^p x {R} ^ T,p x {R} is an isometric involution. By ()5.ip 
again, we see that vol (Sp) = vol(Sp). Thus Sp is isometric to Sp by Theorem 15.31 Then the 
theorem follows by Perel'man's Stability Theorem. □ 
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